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Abstract

Surface wave tests are non-invasive seismic techniques that have traditionally been used to determine the shear wave velocity (i.e. shear

modulus) profile of soil deposits and pavement systems. Recently, Rix et al. [J. Geotech. Geoenviron. Engng 126 (2000) 472] developed a

procedure to obtain near-surface values of material damping ratio from measurements of the spatial attenuation of Rayleigh waves. To date,

however, the shear wave velocity and shear damping ratio profiles have been determined separately. This practice neglects the coupling

between surface wave phase velocity and attenuation that arises from material dispersion in dissipative media. This paper presents a

procedure to measure and invert surface wave dispersion and attenuation data simultaneously and, thus, account for the close coupling

between the two quantities. The methodology also introduces consistency between phase velocity and attenuation measurements by using the

same experimental configuration for both. The new approach has been applied at a site in Memphis, TN and the results obtained are compared

with independent measurements.
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1. Introduction

Among the different types of mechanical waves that

propagate in the interior and along the boundary of a soil

deposit, surface waves are well suited for the development

of non-invasive seismic techniques for near-surface site

characterization. Surface waves originate from the con-

dition of zero stress existing at a boundary of a half-space,

which in this case is the surface of the earth. Lord Rayleigh

[1] proved their existence in 1885 and highlighted the

fundamental role of these waves, subsequently named

Rayleigh waves, in the transmission of earthquake energy

at large distances.

Some of the properties of Rayleigh waves make them

particularly effective for seismic site characterization.

Along the free surface of a homogeneous half-space,

Rayleigh waves generated by a point source attenuate

geometrically with a factor proportional to the inverse of the

square root of the distance from the source. In contrast, the

geometric attenuation factor of the bulk waves is pro-

portional to the inverse of the square of the distance. Thus,

at distances on the order of one to two wavelengths from the

source, the contribution of bulk waves becomes negligible

and the wave field is dominated by Rayleigh waves.

The displacement field of Rayleigh waves decays

exponentially with depth, and it is possible to show that

most of the strain energy associated with their motion is

confined to a portion of the half-space within about one

wavelength of the free surface4 [2]. Hence, Rayleigh waves

of different wavelengths penetrate to varying depths, giving

rise in heterogeneous media to the phenomenon of

geometric dispersion, by which the propagation velocity

of surface waves is frequency-dependent. Geometric

dispersion is the basis of the methods developed in

geotechnical engineering that utilize surface waves for

near-surface site characterization.
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The first applications of surface waves for near-surface

site characterization date back to the 1950s and 1960s when

researchers used relatively simple experimental and inter-

pretive methods [3–5]. During the 1980s, Professor Stokoe

and co-workers at the University of Texas at Austin

developed the spectral analysis of surface waves (SASW)

method that utilizes modern signal processing techniques

and theoretically based inversion algorithms to significantly

expand the range of applications in which surface wave

testing can be successfully used [6]. During the past 10

years, numerous improvements to the SASW method have

been developed including the recognition of the importance

of higher surface wave modes for some types of profiles [7,

8]; the use of arrays of multiple receivers to enable more

robust determination of dispersion curves [9–13]; and a

variety of inversion algorithms [14–16].

Although engineering surface wave tests were originally

developed for determining the velocity (i.e. stiffness) profile

of soil deposits and pavement systems, it has recently been

shown that surface wave tests can also be used to determine

the material damping ratio profile of soil deposits [17–19],

thereby providing for the complete characterization of

small-strain dynamic properties at a site. However, to date,

the stiffness and damping ratio profiles have been

determined separately using different experimental and

interpretive methods. More specifically, the experimental

phase velocity dispersion curve, which is measured to

obtain the shear wave velocity profile, is often determined

using the two-station method based on measurements of the

phase lag of Rayleigh waves propagating between two

receivers. In contrast, the experimental attenuation curve,

which is measured to obtain the shear damping ratio profile,

is obtained using the multi-station method by observing the

spatial attenuation of Rayleigh wave amplitudes over a

linear array of receivers. Moreover, the shear wave velocity

and shear damping ratio profiles are determined from

separate inversions of the experimental dispersion and

attenuation curves, respectively. These differences in

experimental and interpretive methods neglect the close

relationship between phase velocity and attenuation of

seismic waves propagating in linear viscoelastic media [20].

In this paper a new approach to surface wave testing is

presented in which the experimental dispersion and

attenuation curves are determined simultaneously from a

single set of measured displacement transfer functions using

the same source–receiver array [21]. Once these curves

have been determined, they are simultaneously inverted to

obtain the shear wave velocity and shear damping ratio

profiles at a site using a newly developed algorithm for the

solution of the strongly coupled Rayleigh eigenproblem in

linear viscoelastic media [20]. The new approach inherently

accounts for the coupling between phase velocity and

attenuation and produces results that are more self-

consistent.

Section 2 describes the basis of the technique used for the

simultaneous measurement of the dispersion and attenuation

curves via experimental displacement transfer functions.

Section 3 summarizes the main concepts of the algorithm

used for the coupled inversion of surface wave dispersion

and attenuation data. Finally, Sections 4–6 illustrate the

new approach to surface wave testing at a site located in

Memphis, TN.

2. Coupled measurement of dispersion and

attenuation curves

The experimental dispersion and attenuation curves can

be simultaneously determined using a single set of

measurements and the same source–receiver array by

introducing the concept of a displacement transfer func-

tion. In a linear system, which in this case is a linear

viscoelastic medium, the ratio between an output and an

input signal in the frequency domain is called the

frequency response function, or transfer function, of the

system [22].

The test configuration is shown in Fig. 1 and consists of a

source and a co-linear array of receivers. The input signal is

a vertical harmonic force Fz eivt; while the output signal is

the vertical displacement Uzðr;v; tÞ measured at a distance r

from the source. For far-field measurements,5 the vertical

displacement Uzðr;v; tÞ induced in a linear viscoelastic,

vertically heterogeneous medium by a harmonic source

Fz eivt located at the ground surface can be written as

Ref. [23]

Uzðr;v; tÞ ¼ FzGðr;vÞe
i½vt2Cðr;vÞ� ð1Þ

where Cðr;vÞ is a complex-valued phase angle, Gðr;vÞ is

the geometric spreading function, and the dependence of Uz

on frequency v is parametric. Hence, the displacement

transfer function Tðr;vÞ between the harmonic source and

the receiver is given by

Tðr;vÞ ¼
Uzðr;v; tÞ

Fz eivt
¼ Gðr;vÞe2iCðr;vÞ ð2Þ

Assuming Cðr;vÞ < Kp
RðvÞr eliminates the implicit depen-

dence of the complex-valued phase angle on the source-to-

receiver distance and Eq. (2) becomes

Tðr;vÞ ¼
Uzðr;v; tÞ

Fz eivt
¼ Gðr;vÞe2iKp

RðvÞr ð3Þ

where

Kp
RðvÞ ¼

v

Vp
RðvÞ

¼
v

VRðvÞ
2 iaRðvÞ

� �
ð4Þ

5 The near field is defined as the area in the vicinity of the source where

the body-wave field is of the same order of magnitude as the surface-wave

field. Numerical studies have shown that depending on the variation of

shear wave velocity with depth, near-field effects are important up to a

distance from the source from one-half to two wavelengths.
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The assumption Cðr;vÞ < Kp
RðvÞr is equivalent to con-

sidering the phase angle Cðr;vÞ to be the result of a single

mode of propagation.

Eq. (3) can be used as a basis of a non-linear regression

analysis for determining the complex-valued wavenumber

Kp
RðvÞ: Mathematically, Kp

RðvÞ is obtained by minimizing

the misfit between the experimental and the predicted

displacement transfer functions at a given frequency v

X
N

h
Tðr;vÞ2 Gðr;vÞe2iKp

RðvÞr
i
conj

h
Tðr;vÞ

n

2 Gðr;vÞe2iKp
RðvÞr

io
¼ min ð5Þ

where N is the total number of data and conj(·) denotes the

complex conjugation operator. The algorithm used for

implementing Eq. (5) is the Levenberg–Marquardt method

[33]. The particularly simple form of the partial derivative

of Eq. (3) with respect to Kp
RðvÞ makes the implementation

of this algorithm very efficient. The analysis yields a series

of complex-valued wavenumbers that are used to define the

experimental dispersion and attenuation curves via Eq. (4).

In the implementation of the algorithm there is a

difficulty associated with the fact that the geometric

spreading function Gðr;vÞ in Eq. (3) is not known a priori

because it depends on the still-undetermined shear wave

velocity profile. This difficulty can be overcome by means of

an iterative procedure. Initially the experimental dispersion

and attenuation curves are obtained from Eq. (5) with a

geometric spreading function Gðr;vÞ assumed proportional

to 1=
ffiffi
r

p
; which is the geometric spreading relation for

Rayleigh waves in homogeneous media. These curves are

inverted using the procedure described subsequently to

obtain approximate profiles of shear wave velocity and

material damping ratio that are then used to calculate an

improved estimate of Gðr;vÞ: The subsequent iteration uses

the updated Gðr;vÞ to determine new dispersion and

attenuation curves from Eq. (5). This procedure is repeated

until convergence. In normally dispersive media at any

frequency and in inversely dispersive media at frequencies

less than the cut-off frequency of the second Rayleigh mode,

Gðr;vÞ does not differ significantly from a term proportional

to 1=
ffiffi
r

p
; and the iterative scheme converges rapidly [21].

In summary, this method determines the apparent Rayleigh

phase velocities and attenuation coefficients simultaneously

using displacement transfer functions Tðr;vÞ measured over

the same linear array of receivers. Thus, it provides

consistency between phase velocity and attenuation measure-

ments. Additional details of the method and comparisons with

dispersion and attenuation curves measured using conven-

tional methods are presented in Ref. [21].

3. Coupled inversion of dispersion and

attenuation curves

The shear wave velocity and shear damping ratio profiles

at a site have been traditionally determined from separate

(i.e. uncoupled) inversions of the dispersion and attenuation

curves, respectively. Rix and Lai [18] developed a technique

for determining the shear wave velocity and shear damping

ratio profiles at a site from the simultaneous inversion of the

experimental dispersion and attenuation curves. Their

method is based on the application of a newly developed

algorithm for the solution of the strongly coupled Rayleigh

eigenproblem in linear viscoelastic media [20].

The coupled inversion of surface wave data offers two

major advantages over the corresponding uncoupled

analysis. First, it explicitly recognizes the inherent coupling

existing in dissipative media between the velocity of

propagation of seismic waves and material damping as a

consequence of material dispersion. Secondly, the simul-

taneous inversion is a better-posed mathematical problem

(in the sense of Hadamard) [23]. In the coupled formulation,

the medium is assumed to behave as a linear viscoelastic

continuum characterized by the following complex-valued

seismic velocities [20]

Vp
xðvÞ ¼

VxðvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4D2

xðvÞ
q 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4D2

xðvÞ
q

2
þ iDxðvÞ

2
64

3
75 ð6Þ

where x ¼ P; S;R denotes compression, shear and Rayleigh

waves, respectively, and VxðvÞ and DxðvÞ are the

corresponding phase velocities and material damping ratios.

The latter are related to the attenuation coefficient axðvÞ by

means of the expression

DxðvÞ ¼

axðvÞVxðvÞ

v

1 2
axðvÞVxðvÞ

v

� �2

2
64

3
75 ð7Þ

The coupled inversion of the experimental dispersion and

attenuation curves is performed by applying the complex

formalism to a constrained least squares algorithm that

enforces maximum smoothness of the resulting complex-

valued shear wave velocity profile of the site [18]. This type

of local-search algorithm has been shown to be more robust

for the solution of non-linear inverse problems than

traditional least squares algorithms [24].

The solution is found by expanding the non-linear

relationship Vp
RðvÞ ¼ Vp

RðV
p
SÞ between the complex-valued

Fig. 1. Source–receivers configuration used for SASW multi-station

measurements.
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vector Vp
R ¼ ½ðVp

RÞ1; ðV
p
RÞ2;…; ðVp

RÞnF
� of experimental

Rayleigh phase velocities computed using Eqs. (3)–(5) (nF

is the number of frequencies at which Vp
R is measured), and

the complex-valued vector Vp
S ¼ ½ðVp

SÞ1; ðV
p
SÞ2;…; ðVp

SÞnL
� of

unknown shear wave velocities (nL is the number of layers of

the soil deposit) in a Taylor series about an initial complex-

valued shear wave velocity profile Vp
S0 and retaining terms

only up to first order

ðJp
SÞVp

S0
·Vp

S ¼ ðJp
SÞVp

S0
·Vp

S0 þ ðVp
R 2 Vp

R0Þ ð8Þ

where Vp
R0 is the nF £ 1 vector formed by the complex-

valued Rayleigh phase velocities that are obtained by solving

the equation Vp
RðvÞ ¼ Vp

RðV
p
S0Þ: The term ðJp

SÞVp
S0

is the nF £

nL Jacobian matrix whose elements are the complex-valued

partial derivatives ½›ðVp
RÞj=›ðV

p
SÞk�VS0

(j ¼ 1; nF; k ¼ 1; nL).

These partial derivatives are obtained using closed-form

expressions derived from the variational principle of

Rayleigh waves extended to a viscoelastic medium [25].

Eq. (8) may be solved iteratively to refine the initial

complex-valued shear wave velocity profile Vp
S0 until

convergence. The solution is sought with the constraint

that the resulting Vp
S profile should satisfy the criterion of

maximum smoothness while predicting the experimental

vector Vp
R with a specified accuracy. Using the method of

Lagrange multipliers, the result is [23,24]

Vp
S ¼ {mð›T›Þ þ ½Wp·ðJp

SÞVp
S0
�H·½Wp·ðJp

SÞVp
S0
�}21

·½Wp·ðJp
SÞVp

S0
�H·Wp �dp

0 ð9Þ

where m may be interpreted as a smoothing parameter, Wp

is a complex-valued, diagonal nF £ nF matrix formed by the

reciprocal of the standard deviations associated with

the experimental data Vp
R; › is a nL £ nL matrix defining

the two-point finite difference operator, and �dp
0 ¼ ðJp

SÞVp
S0

·

Vp
S0 þ ðVp

R 2 Vp
R0Þ: Finally, the notation ½·�H and ½·�T

denotes the Hermitian and transpose operators, respectively.

The smoothing parameter m in Eq. (9) is determined by the

observation that the misfit between measured and predicted

(complex-valued) Rayleigh phase velocities should equal a

specified value consistent with the uncertainties present in

the measured velocities. A standard measure of the misfit e 2

is given by the weighted least-squares criterion applied to

complex-valued data [26]

e2 ¼ ½WpVp
R 2 WpVp

RðV
p
SÞ�

H·½WpVp
R 2 WpVp

RðV
p
SÞ� ð10Þ

Once the unknown complex-valued vector Vp
S is found, the

shear wave velocities ðVSÞk and shear damping ratios ðDSÞk
of the nL-layer soil deposit are computed through

the following relations

ðVSÞk ¼
½RðVp

SÞk�
2 þ ½IðVp

SÞk�
2

RðVp
SÞk

ðDSÞk ¼
½RðVp

SÞk�·½IðV
p
SÞk�

½RðVp
SÞk�

2 2 ½IðVp
SÞk�

2

ð11Þ

where k ¼ 1; nL and the symbols Rð·Þ and Ið·Þ denote the

real and imaginary parts of the argument, respectively.

In linear viscoelastic media the velocity of propagation

of bulk waves VP and VS is frequency-dependent due to the

phenomenon of material dispersion. A thorough discussion

on the nature of this frequency-dependence is beyond the

scope of this article. It is important to note, however, that no

specific assumption was made about the frequency-depen-

dence of Vp
S in the derivations thus far. If one desires to

account for material dispersion (i.e. causal inversion), the

algorithm described in this section for the solution of

the Rayleigh inverse problem remains valid provided that

the inversion procedure is carried out at a specified

reference frequency vref. For more details on causal

inversion see Refs. [23,27,28].

Finally, note that since the solution of the Rayleigh

forward problem Vp
RðvÞ ¼ Vp

RðV
p
SÞ is performed with

reference to a specific mode of propagation, the Jacobian

matrix ðJp
SÞVp

S0
and the vector Vp

R appearing in Eqs. (8)–(10)

also refer to a specific mode. The example presented

subsequently was performed using the fundamental mode

since the shear wave velocity profile is normally dispersive.

See Refs. [12,23,29,30] for a comprehensive discussion on

the effects caused by the contributions of higher modes of

propagation and the use of inversion algorithms based on

apparent or effective (i.e. non-modal) phase velocities.

4. Testing site

The testing site is located on Mud Island near downtown

Memphis, TN. Mud Island was originally formed by dredge

spoil taken from the Mississippi River. The area currently

forms a peninsula located on the northwestern edge of

downtown Memphis [31]. In March 2000, six seismic cone

penetration tests (SCPT) were performed on the island,

including two at Site A and one at each of the remaining

sites (B–E). The approximate location of the testing sites is

shown in Fig. 2. Fig. 3 shows the corrected cone tip

resistance, sleeve friction, penetration pore water pressure,

and shear wave velocity profiles from the seismic piezocone

sounding conducted at Site B. The ground water table is 8 m

below the ground level. For a complete description of the

results obtained from the SCPT soundings and the

geotechnical characterization at Mud Island see Ref. [31].

5. Testing procedure

Surface wave tests were also performed at Mud Island

Site B in July 2000. Surface waves were generated by a

vertically oscillating, electro-dynamical shaker operating in

swept-sine mode. The frequency range used in the field test

was from 3.75 to 100 Hz. Rayleigh wave particle motion

was recorded by vertical accelerometers having a frequency

response from 0.10 to 300 Hz. The accelerometers were

C.G. Lai et al. / Soil Dynamics and Earthquake Engineering 22 (2002) 923–930926



Fig. 3. Results from SCPT sounding performed at Mud Island, testing site B, Memphis, TN (from Ref. [31]).

Fig. 2. Overview of the testing site locations at Mud Island, Memphis, TN (from Ref. [31]).
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placed in a linear array (i.e. the multi-station method) at the

following offsets from the source: 2.44, 3.05, 3.66, 4.57,

5.49, 6.71, 8.54, 10.37, 12.80, 15.24, 18.29, 21.34, 24.39,

28.96, and 33.54 m. At each receiver location the exper-

imental transfer function was obtained from an average in

the frequency domain of 10 measurements to reduce the

variance of the measured spectral quantities. The accelera-

tion of the armature of the electro-dynamical shaker was

also measured with a piezoelectric accelerometer to allow

the input force Fz to be calculated.

The spectral quantity recorded by the dynamic signal

analyzer for each receiver location was the ratio Mðr;vÞ of

the particle acceleration measured at the receiver to the

acceleration of the armature of the shaker. From Mðr;vÞ; the

experimental displacement transfer function can be readily

computed by

Tðr;vÞ ¼
2Mðr;vÞC2ðvÞ

v2C1ðvÞ
ð12Þ

where C1ðvÞ and C2ðvÞ are the frequency-dependent

calibration factors of the accelerometers used to measure

the particle motion at the receiver positions and the

accelerometer placed on the shaker, respectively. The factor

C2(v) also includes the mass of the armature to convert

acceleration to force. The dynamic signal analyzer calcu-

lates the transfer function in such a way that uncorrelated

output noise is eliminated [32].

6. Results obtained at Mud Island site B

Once the experimental transfer functions were measured,

the procedure described in Section 2 was used to

simultaneously obtain the dispersion and attenuation curves

via a non-linear regression to determine the complex-valued

wavenumber at each frequency. Fig. 4 shows the results for

33.75 Hz. This analysis was repeated at other frequencies to

obtain the experimental dispersion and attenuation curves

shown in Fig. 5. The transfer function data were selected to

minimize near-field and spatial aliasing effects, and only

frequencies ranging from 5.31 to 68.75 Hz were used in the

analysis.

Using the technique described in Section 3, the

experimental dispersion and attenuation curves shown in

Fig. 5 were simultaneously inverted to determine the shear

wave velocity (VS) and shear damping ratio (DS) profiles

shown in Fig. 6. The VS profile compares well with

the values of shear wave velocities measured at Mud Island

Site B with the SCPT test. The figure shows that VS

generally increases with depth from values of approxi-

mately 180 m/s near the ground surface to about 240 m/s at

30 m depth. The values of DS vary from about 1.5 to 3.9%.

Unfortunately, no independently measured values of DS are

available for comparison, but the values obtained via

surface wave testing are within the range of variation of

this parameter in soils at small-strain levels [34]. At a site

Fig. 5. Rayleigh (a) dispersion and (b) attenuation curves obtained with the

coupled measurement technique at Mud Island, testing site B, Memphis,

TN.

Fig. 4. Coupled transfer function regression for (a) phase velocity and (b)

attenuation coefficient at 33.75 Hz at Mud Island, testing site B, Memphis,

TN.
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where independent values of DS were available, the values

obtained from an uncoupled inversion of surface wave

attenuation data were in excellent agreement [17], providing

confidence in surface-wave-based measurements.

As a check of the inversion results, Fig. 7 shows the fit

between experimental dispersion and attenuation curves and

the corresponding theoretical curves yielded by the

simultaneous inversion algorithm at the end of the fifth

and final iteration. Both the theoretical dispersion and

attenuation curves are in satisfactory agreement with the

curves measured experimentally.

7. Conclusions

Surface wave tests are non-invasive field techniques that

can be used to determine the shear wave velocity and the

shear damping ratio profiles at a site. In the conventional

test procedure, the experimental dispersion and attenuation

curves are measured separately using different source–

receiver configurations and different interpretation

methods. Furthermore, the shear wave velocity and shear

damping ratio profiles determined from these curves are

also obtained independently using separate inversion

algorithms.

In this paper an efficient and elegant procedure is

proposed in which the experimental dispersion and

attenuation curves are both measured and inverted concur-

rently from a single set of measurements using the same

source–receiver array. The new approach is motivated by

(1) the recognition that the phase velocity and attenuation of

seismic waves are not independent as a result of material

dispersion in dissipative media and (2) the desirability of

providing consistency between phase velocity and attenu-

ation measurements. The method has been applied at Mud

Island B, a site near downtown Memphis, TN, where

independent in situ measurements of shear wave velocity

were available for comparison. The shear wave velocity

profile determined with the simultaneous inversion algor-

ithm agrees well with the independent measurements,

whereas the values of shear damping ratio are in good

agreement with data from the literature.
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